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Basis Sine and Cosine (Quaternion Sine and Cosine) Identities

Principal basis operator sines and cosines (basis sines and cosines: sink, sinj, sini, cosk, cosj, cosi, tank, tanj, and tani) can
also be called principal quaternion basis operator sines and cosines (quaternion sines and cosines). | have not adopted this
nomenclature earlier because this terminology may be misconstrued as the scalar sines and cosines (sin, cos, and tan) on the basis

variables after the basis operators have operated on the basis and converted to scalars. It is the explicit dependence on Kx j>< ,

and i x that give these functions their complex-number-like and quaternion-like properties (despite there being no such thing as

complex numbers... it is all vector operators in the real R® vector space). Quaternion basis exponentials is also an appropriate
terminology for basis exponentials expk, expj, and expi (cisk, cisj, and cisi).

Trigonometric ldentities of sink and cosk

All of the periodic properties of the scalar trigonometric functions and identities of sine and cosine (and tangent) hold good for
basis sines and cosines (and tangents). This document focuses on those of sink and cosk, and then those, by change of base, of
sinj and cosj and similarly sini and cosi.

I will give the proofs here for the main identities I required for the Law of Basis Sines, which is after this (and is why | wrote this
part which has turned out quite well). I'll prove these formulae of sink and cosk with expk and then change base with (1)
expj(-72) and expj(#2), and (2) expi(#/2) and expi(—42) respectively, to (1) sinj and cosj, and (2) sini and cosi. All of the
proofs for cosk and sink are with the basis operators in terms of the Euler formulae for those operators

coskd = %(expk (6) + expk (-6)) Sink@k x= %(expk (6) —expk (-6))
:%(e><p(9I2x)+e>§o(—9I2x)) =%(exp(6’l2x)—e>q)(—¢9I2x))
_ 1 ekx | -6k« _ 1 okx -0k«
=5 e ) =5l e )

These are then proved again with the diadically expanded matrix operators which essentially proves further that it all works in
matrix bases. These can all be verified easily with a programmable calculator (which 1 do) to check that the formulae are correct.
These would also be very good functions for MATLAB base code (which is very similarly code to my programmable calculator).
Alternatively, and equivalently, to change base to the other principal rotation axes, all of the relations can be proved for the other
rotation axes with

cosjé = %(expj (6) +expj (-6)) sinjo jx= %(expj (6) —expj (-6))
~5(o9(8 29 +e(-0 ) = Lew(0 30 -ep(-0 1)
:%(eajx+e—n9ix) :%(eejx _efajx)
and
cosif = %(expi (0) + expi (-0)) sinigi x= %(expi (0) —expi (-6))
:%<em(9fx)+e)§0(—9fx)) =%(e>§o(0fx)—exp(—0fx))
:%(eéfx +e79iA><) :%(eéfx _efgiﬂx)

The formulae for the basis sines (sink, sinj, and sini) are appended by the relevant principal basis cross (kx, jx, orix) to avoid the

issue of singular (non-full rank) k-cross, j-cross, and i-cross in the denominator. It all works out well when defined as | have done
so here.

The hyperbolic identities with sinkk and coskk (k-cross squared equals negative one) could equivalently be called sinhk and
coshk (“shine-kay” and “cosh-kay” and sinhj “shine-jay” and coshj “cosh-jay”and sinhi “shine-eye” and coshi “cosh-eye”) but |
prefer sinkk (“sine-kay-kay”) and coskk (“cos-kay-kay”) because it stresses the quintessential feature of complex numbers

(IZ ><)2 =-1 which is also the feature that provides the hyperbolics with either divergent or convergent properties, notably, that of
reflection. It is also better because the square of K x results in a sign change (which is the reflection). Similarly with (J°><)2 =-1
and (J°><)2 =-1 and why | prefer the notation and terminology sinjj (“sine-jay-jay”) and cosjj (“cos-jay-jay”) and sinii (“sine-

eye-eye”) and cosii (“cos-eye-eye”).
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Note that a conversion from sink and cosk to sinkk and coskk is to make the argument of sink and cosk a function of kx,
similarly as for 2nd year complex analysis and calculus converting sines and cosines to and from the hyperbolic functions. This
transform makes the complex formulae relating circular and hyperbolic functions in a vector setting possible as well as simple and
intuitive, because of that important fact that sinkk and coskk get their hyperbolic properties from reflection from the square of

i =k x. It all works as it should for and withi =K x, including for the other R® mutually orthogonal planes with jx and I x.

(since these are both similarity invariants of i = K x after a principal axis base change).

Periodic properties of cosk and sink (and tank)

Firstly, angle reversal for the basis circular functions are the same as the scalar functions cos(-8) = cos@, sin(—8) = —sin @, and
tan(—0) = —tan@. As is seen in the proofs, this holds independently of the rotation axis

cosk(—6) = coskd

sink(-0)k x= —sinkdk x

tank (-0) k x= —tank 0K x

that is,

scalar k-hat rotation axis j-hat rotation axis i-hat rotation axis
cos(—6) = cosé cosk(—6) = coskd cosj(—6) = cosjo cosi(—6) = cosid
sin(-6) = —sin @ sink(—6) k x= —sink@k x sinj(—0) j x=—sinjo | x sini(-0)i x= —sinidi x
tan(-0) = —tan @ tank (—0) k x= —tank Gk x tanj—6) j x=—tanjé j x tani(—0) i x=—tani@i x

These proofs are essentially properties of complex algebra and Euler’s identities since all of complex algebra, including phasors,

holds for i =k x as well as for the two other axes (and those of r-hat, é-hat, and ¢hat) and so generalize into vector functions in
R®. The proofs are then also expressed in matrix bases:

cosk(—0) = %(e(fa)kx e Ok ) _ %(efsﬁx 4+ Okx J _ %(eekx 0k ) _ cosko

cos(-6) 0 0 cosé6 0 O
cosk(-0) = 0 cos(-6) 0|=| O cos@ O|=coskd
0 0 1 0 0o 1

sink(-0)k x= %(e(‘g)'2X _ g Ok J = l(e‘g'ZX g0k J = —l[e‘g'ZX _ g0k ) = —sinkoK x

2 2
0 —sin(-6) 0 0 sing 0 0 -sing 0
sink(-0) k x=| sin(-6) 0 0|=|-sin@ 0 O0|=-{sin@ 0 0|=-sinkdkx
0 0 0 0 0 0 0 0 0

tank (—0) k x= (cosk(~6) ) *sink(-6) k x= (cosk&) *sink@k x=tank &k x

0 —tan(-6) O 0 tand 0 0 -—tand O
tank (—0) k x=| tan(-0) 0 O|=|-tand@ 0 O|=-{tan®@ 0 0|=-tankGkx
0 0 0 0 0 0 0 0 0

The scalar properties of cos(@+2zn)=cosé, sin(@+2zn)=sind, and tan(f+2zn)=tané are also essentially the same for
cosk, sink, and tank and also hold for each coordinate axis. For n=0,+1,+2,+3,... these are

cosk(@ + 2zn) = coské

sink(6+ 2zn) Kk x=sinkék x

tank (6 + 277n) k x= tank Ok x
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that is,

scalar k-hat rotation axis j-hat rotation axis i-hat rotation axis

cos@+ 2zn) =cosf cosk(@ + 27zn) = coskd cosj(6 + 2zn) =cosjo cosi(@ + 2zn) = cosid
sin(@ + 27zn) =sin @ sink (6 + 27n) k x=sinkok x sinf@+27m) | x=sinjé j x sini(@+27zn)i x=sinidi x
tan(@+27zn) =tand tank (6 + 2zn) k x=tank 6K x tanj(@+ 27n) j x=tanjo j x tani(0+ 2zn) i x=tani@i x

Proof for the relation cosk(@+ 2zn) =coské for cosk and n=0,+1,+2,+3,...

COSk(Q-l— 27z-n) — l(e(ngZim) Kx n e—(0+27m) Kx ) _ l(eglzx e27rn Kx n efﬁlzx e—27m|2>< j — l(eﬁlzx n efﬁlzx ) _ COSkg
2 2 2
cos2zn —sin2zn 0 cos2zn sin2zn 0 1 00
since @¥Mkx —g=2mkx _ | orin other words sin2zn  cos2zn 0 |=|-sin2zn cos2zn 0|=|0 1 O|=I
0 0 1 0 0 1 0 01
as diadically expanded matrix operators
cos(@ + 2zn) 0 0 cos¢ 0 O
cosk(@+27n) = 0 cos@+2zn) 0|=| 0 cos@ O |=coskd
0 0 1 0 0 1

Proof for the relation sink(6+2zn)k x=sink@k x forsink and n=0,+1,+2,+3,...

sink(6+ 2zn) K x= %(e(mzm)kx _ g~ (@+2m)kx ) _ %(em&x p2mkx _ g—0kx o-27nkx ) _ %(eekx _ g0kx j _sink@k x

as diadically expanded matrix operators

0 —sin(@+2zn) 0 0 -sing O
sink(@+ 2zn) Kk x=| sin(@ + 2zn) 0 0|=|sin@ 0  0|=sinkdkx
0 0 0 0 0 0

Proof similarly for tank (0+27zn)|2><:tank6'I2x

0 —tan(@+2zn) 0 0 —tand O
tank (0 + 27zn) k x=| tan(6 + 2zn) 0 O|=[tan@ 0  0|=tank@kx
0 0 0 0 0 0

Proofs are similar, as similarity invariants, for the other two principal axes and as well as the rotated polar cylindrical and
spherical coordinate systems.

2024
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Who is the first mathematician to use the abbreviations sin cos and tan?

Albert Girard

Albert Girard was a French mathematician and musician. His work on trigopnometry is the

first to use the abbreviations sin, cos, tan.

nies » Gir

Albert Girard (1595 - 1632) - Biography

I read an essay on trigonometry in Clayton Dodge’s book The Circular Functions (chapter 6) and apparently the first simplified
notation of sin, cos, and tan was in the 1600s by Albert Girard... so Iincluded the screenshot above. Also of relevance:

Hipparchus

» Hipparchus

Hipparchus - Wikipedia

The trigonometric relations (from the ancient Athenians and subsequent mathematicians) for scalar sines, cosines, and tangents
(sin, cos, and tan) are

(A) Circular Euler form cis =exp cos@+ising=e'’

(B) Circular Conjugate Euler form cos@—ising=e"?

(1) Basic circular relation for sine and cosine cos? @ +sin?6=1

(2) Basic circular relation for tangent and secant 1+tan” 6 =sec’ 0

(3) Compound angle formula for sine sin(e + B) =sina cos S+ cosasin S
(4) Compound angle formula for cosine cos(ax + f) =cosacos B —sinasin g
(5) Compound angle formula for tangent tan(e + f) = (tana + tan B)1—tana tan )
(6) Double angle formula for sine sin(2a) =2sinacosa

(7) Double angle formula for cosine cosRa) =cos’ a —sin «

(8) Double angle formula for tangent tan(2a) = 2tan a(l—tan2 a)_l

(9) Products of sines 2sinasin B =cos(a — ) —cos(a + )
(10) Products of cosines 2cosacos B =cos(a — ) + cos(x + f3)
(11) Products of sine and cosine 2sina cos g =sin(a — B) + sin(a — B)
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The relations for xy plane (IZx rotation axis) basis sines, cosines, and tangents (sink, cosk, and tank) are

(A) Circular Euler form for cisk = expk

(B) Circular conjugate Euler form

(1) Basic circular relation for sink and cosk
(2) Basic circular relation for tank and seck
(3) Compound angle formula for sink

(4) Compound angle formula for cosk

(5) Compound angle formula for tank
(6) Double angle formula for sink

(7) Double angle formula for cosk

(8) Double angle formula for tank

(9) Products of sink
(10) Products of cosk

(11) Products of sink and cosk

cosk® +sinkOk x=expk &

coskd —sink@k x=expk (—6)

cosk?0— (sink@k x)? =1

1- (tank Ok x)? =seck?@

sink(a + B) K x = coska sinkk x +coskBsinke k x

cosk(a + B) = coska coskf + (sinka K x)(sinkB K x)
tank(o:+ﬁ)|2><:(tankoclz><+tan|g[3l2><)(1—(tankoclz><)(tan|g[3|2><)yl
sink(2a) k x= 2coska sinka K x

cosk(2a) = cosk?a + (sinkar k x)?

tank(2a) k x= (Ztanka k x)ﬁl— (tankak x)? Tl

2(sinke K x)(sinkf k x ) = cosk(a — B) —cosk(a + B)
2coska cosks = cosk(a — ) +cosk(a + )

2(sinka k x) cosk = sink(a — B) k x +sink(a + ) K x

Notice how cosk?@ — (sinké k x)? =1 looks kind of like i>=-1? That is no coincidence because this equation contains

(IZ ><)2 =-1 coupled with the square of sink which, yeah, makes it work out. The visual appeal of complex algebra coupled with
its practicality makes it, in my opinion, mathematical beauty at its best. Similarly (by congruence and change of base) with
cosj’6—(sinjd jx)? =1 and cosi’@—(sini@i x)? =1 that contain (jx)>=-1 and (ix)? =—1 respectively, which makes it
very clear that principal quaternion basis sines and cosines is good possible nomenclature for these functions.

Diadically expanded into matrix bases:

Noting again for reference that | have coupled sink with kx

sin@ 0 O sin@ 0 O0YO0 -1 0 0 -sin@ O
sink@=| 0 sing O sink@kx=| 0 sin@ 0|1 O O0l|=|sing 0 0
0 0 @0 0 0O 6)0 0 O 0 0 0

(A) Circular Euler form for cisk = expk

cosd+ising=e'? coskd +sink@k x=expk 6

cosé 0 0 0 -sin@ O cos@ -—sing O
0 cos@ O |+]|sin@ 0 O|=|sin@ cos@ O
0 0 1 0 0 0 0 0 1

(B) Circular Conjugate Euler form
cosd—ising=e "’ coskd —sink@k x=expk (—0)

cosé 0 0 0 -sin@ O cos@¢ sing O
0 cosd 0|—|sin@ 0 0|=|—-sin@ cos@ O
0 0 1 0 0 0 0 0 1
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(1) Basic circular relation for sink and cosk

cos® @ +sin” 0 =1 cosk?0 — (sink@k x)? =1
2 . 2
cosé 0 0 0 -sing O 1 00
0 cosd 0| —|sin@ 0 0| ={0 1 0
0 0 1 0 0 0 0 01

(2) Basic circular relation for tank and seck

1+tan® @ =sec? 1— (tank Ok x)? =seck?0

0 —tand 0\ (sec& 0 0Y

1 00
0 1 0|-|tan@ 0 0|l = 0 secd O
0 01 0 0 0 0 0 1

(3) Compound angle formula for sink

sin(a + B) =sinacos B+ sina cos B sink(a + B) k x =coska sinkgk x +coskBsinka k x

0 —sinfle+p) 0O cose 0 0y 0 -—sing O cosp 0 0)Y 0O —sina O
sin(a + f) 0 Ol=| 0 cosa Ofsing 0 O|+| 0 cosp Ofsina 0 0
0 0 0 0 0 1){ O 0 0 0 0 1A 0 0 0
(4) Compound angle formula for cosk
cos(a + ) =cosacos B —sinasin g cosk(a + ) = coska coskf3 + (sinka K x)(sinkBk x)
cos(a + f5) 0 0 cose 0 O)cosp 0 O 0 -—siha 0y 0 -—sing O
0 cos(@+pB) 0|=| 0 cosa O O cosp O|+|sina 0 0fsing 0 0
0 0 1 0 0 10 O 0 1 0 0 o6 O 0 0
(5) Compound angle formula for tank
1 ~ ~ ~ ~ A WL
tan(a + ) = (tana + tan B)1— tanar tan f3) tank(a + B)k x= (tankak x+tankBk x )ﬁ— (tanke k x)(tankBk x))
0 —tan(@+pB) 0 0 —tana—tanp 0\ 1l-tanatanp 0 oY"
tan(a + f) 0 0|=|tana+tan g 0 0 0 l-tanatang O

0 0 0 0 0 0 0 0 1

(6) Double angle formula for sink

sin(2a) = 2sina cosa sink(2a) k x= 2coska sinka k x
0 —-sin2a 0 cosa 0 0 0 —sina O
sin2a 0 0|=2| O cosa O sina 0 0
0 0 0 0 0 10 0 0 0
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(7) Double angle formula for cosk

cosRa) =cos « —sin’ « cosk(2a) = cosk®ar + (sinka K x)?
cos2a 0 0 cosa 0 0 2 0 -sina O 2
0 cos2a O|=| O cosa 0| +|sina 0 0
0 0 1 0 0 1 0 0 0

(8) Double angle formula for tank

tan(2a) = 2(tan a)(l— tan? a)_l tank(2a)k x= (Ztanka k x)(l— (tankark x)? )_1

-1

0 —tan2a O 0 —tana 0O)1l-tan’« 0 0
tan 2 0 0|=2|tana 0 0 0 1-tan’a 0
0 0 0 0 0 0 0 0 1

(9) Products of sink

2sinasin B =cos(x — B) — cos(a + B) 2(sinka k x)(sinkB k x ) = cosk(a — B) —cosk(a + )
0 -sine 0y 0O =—sing O cos(a — p) 0 0 cos(a + f5) 0 0
2| sina 0 0|sing 0 0= 0 cos@—-p) 0|- 0 cos@+p) O
0 0 o0 O 0 0 0 0 1 0 0 1

(10) Products of cosk

2cosacos S =cos(a — ) +cos(a + ) 2coska cosks = cosk(a — ) +cosk(a + )
cose 0 O)cospg 0 O cos(a — f) 0 0 cos(a + f) 0 0
2l 0 «cosa O] O cosp O|= 0 cos@—p) 0|+ 0 cos@+p) O
0 0 1L O 0 1 0 0 1 0 0 1

(11) Products of sink and cosk

2sinacos B =sin(a — B) +sin(a — ) 2(sinka k x) coskp = sink(a — B) k x+sink(a + B) k x
0 -—sina OYcosg 0 O 0 —sinfe-p) O 0 —sinfe+p) 0O
2| sina 0 Of 0 cospg O|=|sin(x-p) 0 0 |+|sin(a + ) 0 0
0 0 oON O 0 1 0 0 0 0 0 0

Over the next few pages are the proofs for firstly

(1) cosk?d — (sinkok x)? =1 and then

(2) 1—(tank 6K x)? = seck®@ and then

(3) sink(a + B)k x =coska sinkBk x +coskBsinka k x and finally
(4) cosk(a + fB) = coska coskp + (sinka k x)(sinkBKk x)

from which each of the others can be obtained: half angle formulae by putting =« , and adding and subtracting the compound
angle formulae for products.
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(1) Proof of cosk?6 — (sink&k x)? =1, the basic circular relation for sink and cosk

coskd = %(expk (0) + expk (-0)) sink@k x= %(expk (6) — expk (-0))
:l(eekx +e—akxj :l(eekx _e—ek"xj
2 2
6 kx —okx \ okx  —0kx )
cosk26 — (sinkgk x)2 =| & *© N
2 2
ezekx +2+efze|2x B ezelix _2+8729R><
B 4 4
(ezmzx _ 20k« J+(2+2)+(e—29k‘x _e—zaﬁx)
B 4
=1

This is 4unit HSC and 1% and 2" year complex algebra with i =k x . This is essentially complex algebra since it is for a single
rotation axis (on the xy plane) so that i = kx commutes with itself and its conjugate (and obviously, other scalars). Pretty much

everything in complex algebra works just as well or better with the substitution i= kx . Inthe simplification of the squared

terms, it is the expk and expk’ that cancel so the basic circle relation holds irrespective of rotation axis which can be seen
immediately without a formal change of base to another rotation axis. | change base here to j-hat and i-hat just to show that it all
works out. All of these also work similarly for r-hat, 6-hat, and ¢hat in polar systems for example.

In terms of diadically expanded matrix operators

2

cosé 0 0 0 —sing 0V (cos’6 0 0) (-sin?e 0 0
0 cosd® O| —|sine 0O 0= 0 cos’6 0|-|] O —sin?0 0
0 0 1 0 0 0 0 0 1 0 0 0
cos® 6 +sin? @ 0 0
= 0 cos’>@+sin’0 0
0 0 1
1 00
=0 1 O
0 0 1

This is somewhat laborious to write out and I do it easily with my programmable calculator... or rather, I already know what the
answers are because | have been at it for some years now [3 years for i=kx and just short of 20 years in mathematical research

(13 years since | submitted my more than adequate PhD that was never passed)], and also because it is so intuitive, and so just use
my TI to check my working... mostly to check the directions of the rotations for changes of base. It is basic (elementary)
advanced mathematics. | am doing it (fully developing the mathematics of cosk, sink, and expk, and those of i-hat and j-hat)
because | want to do calculus with it. Now armed with the knowledge that kx is the complex number (... not a number, operator),
and the knowledge to change base to other principal axes (and confidence to rotate into polar bases), my next (or so) lot of work
will be unimaginably good [I am expecting and hoping although | never know until I write it and work out all the details]. This
one has turned out quite good and | amrather pleased with it, despite it being only elementary functions.

k-hat to j-hat principal rotation axis: making a change of base from the k-hat principal rotation axis to the j-hat principal rotation
axis for the basic circular relation in cosj and sinj by applying the full rank complex number for the quarter rotation around i-hat
expi(/2)
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1=cosk?0 - (sink<9|2><)2 basic relation for k x rotation
expi (7 /2)(1 Jexpi (—7 1 2) = expi (7 /2) (coskZH— (sinkmzx)z) expi (-7 /2) changeof base
expi (1 2)expi (~z12) = expi (71 2) (cosk?0 kxpi (~1212) —expi (1 2)((sinkoK x)2 ) expi (~/2)
1=cosj?0 - (sinjé j x)* basic relation for j x rotation
10 0
that is, with change of base operator expi in diadically expanded matrix form expi(z/2)={0 0 -1
01 0

expi (7 /2)(1 )expi (—7 1 2) = expi (7 / 2) (cosk29 - (sinkméx)z) expi (-7 /2)

10 0Y(1 0 0) (10 0Y(cos& 0O 0V (0 —sing 001 0 0O
00 -1[1/0 0 1|=|0 0 -1|| 0 cos® 0| |sihne 0 o] [0 0 1
01 0/l0 -10] (01 0 0 0 1 0 0o o) ]o -10
10 0Ycos®# 0 01 0 0) (10 0Y 0 —sing 01 0 O
=0 0 -1] 0 cos® 0|0 0 1|-|0 0 -1fsine 0 o0||0 0 1
01 0 o 0o 1Jlo0 -1 0) 01 o) o 0o of/lo -1 0
cosd O 02 0 Osiné?2
-l o 1 0 |- 0o o0 o
0 0 cos@ —-sin@ 0 O

which is the basic circular relation for the zx plane, cosj’d — (sinjé j x)? =1, after the change of base fromthe k-hat rotation axis
to that of the j-hat rotation axis.

k-hat to i-hat principal rotation axis: making a change of base from the k-hat principal rotation axis to the i-hat principal rotation
axis for the basic circular relation in cosi and sini by applying the full rank complex number for the antisense (transpose) quarter
rotation around j-hat expj(-w/2)

1=cosk?0 — (sink@k x)? basic relation for k x rotation
expj (—/2)(1 )expj (7 /2) = expj (~7/2) (coskze—(sinkmé x)z) expj (z/2) changeof base
expj (—z 1 2)expj (r 1 2) =expj (-7 1 2) (cos kze)expj (m12)—expj(-=/ 2)((sink9 K x)z) expj (r/2)
1=cosi?0 - (sinidi x)? basic relation for i x rotation
0 0 -1
that is, with change of base operator expj in diadically expanded matrix form expj(-z/2)=|0 1 0
10

expj (—/2)(1 )expj (71 2) = expj (~7 1 2) (coskze-(sinkaﬁx)z) expj (7 /2)

00 -1)(0 0 1) (0 0 -1)(cos& 0 0y (0 —sing 0V)0 0 1
01 OfIl0O 1 0f(=(0 1 O 0 cos@® 0| —|sin@ 0 0 0 10
10 0)l-100/ |10 0 0 0 1 0 0 0/|-100

2

0 —1)cos® O 0Y(0 O 1 00 -1 0 -sing 00 0 1
I=|0 1 O 0 cosd O||0 1 0|-|0 1 O |sing 0 0||]0 1 0
100 0 0 1){-1 00 10 0 0 0 0)l-1 00
1 0 0y (0 o0 0 Y
=|0 cosd O -0 0 sin@
0 O cosé 0 -sing O
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which is the basic circular relation for the zx plane, cosi?d — (sini@i x)? =1, after the change of base fromthe k-hat rotation axis
to that of the i-hat rotation axis.

Just to show that the circular relation coskzé?—(sinkHIZX)2 =1 still holds good after the change of base to the j-hat and i-hat
axes, doing the proofs for cosj?d—(sinjé jx)?> =1 and cosi’d — (sinifi x)?> =1 to show that these relations are equal to

changing base to these principal axes from cosk?6 — (sink9l2 x)? =1:

Proof of cosj?6 — (sinjé j x)? =1, the basic circular relation for sinj and cosj

. 1 . . AT 1 . .
cosj 0= (expi (6) + expi (-0)) sinj 0 ] x=(expi (0) - expi (-0)
:l(eaix +e—91><) =£(eai>< _e—ejx)
2 2
" A ) eH jx + e—H j>< 2 e& i>< _ e—H j>< 2 e& i>< + e—ﬁ jx eﬁ jx _ e—H i>< eH jx + e—& j>< e& i>< _ e—& jx
cosj“0 —(sinj@d j x)* = - = + -
2 2 2 2 2 2
— eH jx e—H jx
=1

which is complex algebra for the zx plane (rather than xy plane for k-cross) since it is for a single rotation axis so that jx
commutes with itself and its conjugate (and other scalars) on this plane (the zx plane Argand diagram if there were such a thing)

and is the same as that from a change of base from kx to ]x . In diadically expanded matrix basis operator form

cosd 0 0 Y 0 0 sing)’ (cos’0 0 0O —sin?9 0 0

100
cosj’0—(sinjdjx)>’=, o 1 0 |-l o0 O O |= 0 1 0 |[-| o 0 0 |[=]0 10
0 0 cosd —sind 0 0 0 0 cos’o 0 0 -sin?¢] (0 0 1
Proof of cosi?d — (sini@i x)? =1, the basic circular relation for sini and cosi
. 1, . . N T .
COosi Hzg(expl (0) + expi (—6?)) sini @1 x=§(exp| (8) —expi (—9))
:E(eﬁfx +e—9i‘x) :E(eafx _e—afx)
2 2
> A ) e@lx +e—€|>< e0|>< _e—0|>< eHlx +e—¢9|>< e€|>< _e—t9|>< e@lx +e—€|>< e¢9|>< _e—9|><
cosi“f —(sinifi x)* = - = + _
2 2 2 2 2 2
:eﬁfxe—ﬁfx
=1

which is complex algebra for the yz plane (rather than xy plane for k-cross or the zx plane for j-cross) since it is for a single
rotation axis so that i x commutes with itself and its conjugate (and other scalars)

2 2

1 0 0 0 0 0 1 0 0 0 0 0 100
cosiZ6 — (sini@i x)2=[0 cos®¢ O | —-|0 0 —sind| =|0 cos’0 0 |-|0 —sin?@ 0 |=/0 10
0 0 cosé 0 sind 0 0 0 cos?0) |0 0 —sin?2¢0) (0 0 1

yep, all works as it should.

(2) The mathematics for the basic circular relation in tank, tanj, and tani in terms of seck, secj, seci is similar and so is omitted. It
is demonstrated with a programmable calculator by the same methods as above, or just divide through by cosk, cosj, or cosi or
their squares (or equivalently by seck, secj, or seci) as applicable to the relevant rotation axis and rotational plane (since cosk,
cosj, and cosi are full rank). Note that ‘divide through by’ here means multiply by the inverse since the functions are R® matrices.
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x 2024

Actually I’ll do just one of them here... this is the maths for the basis tangent circular relation in tank and seck fromthat in cosk
and sink: multiplying both sides of cosk?6 — (sink@k x)? =1 by seck?d

seckze(coskze— (sink@k x)? ): seck?0
1-(tank Ok x)? = seck?d

where seck’@cosk?d =1 and seck?d (sink@k x)? = (tank Ok x)?

10 0) (cos& 0 0V (0 —singd 0)° (cos’0 0 0) (-sin2¢ 0 0O
thatis,from |0 1 O|=| O cos® O| —|sin¢ 0 0| =| 0 cos’® O|-] O —sin?0 0
00 1 0 0 1 0 0 0 0 0 1 0 0 0

cos¢ 0 0)° [(cos?26 0 0) (seck6 0 0
multiplying both sides by cosk 29=| 0 cos® 0| =| 0 cos?6 0|=| 0 sec’d O0|=seck?d
0 0 1 0 0 1 0 0 1

the cosk? — (sink@k x)? =1 relation converts to 1—(tank Ok x)? =seck?6 by multiplication through by seck®6

cosd& 0 0Y%(1 0 0) (cos& 0 0\*f(cos& 0 0y (0 —sing 0)

0 coséd O 0 1 0|=| O cosd 0 0 cosd 0| —|sin@ 0 0

0 0 1) (0 0 1 0 0 1 0 0 1 0 0 o0
sec’0 0 0)1 0 0) (sec’¢ O O)cos’d 0O 0) (sec’¢ 0 Of 0 —sin’0 0
0 sec?9 0|0 1 Of=| O sec?® O| O cos’@ O|-| O sec’d Osin’0 0 0
0 0 1)0 0 1 0 0o 1| o 0 1 0 0o 1] o 0 0

sec’9 0 0) (1L 00 0 —tan?0 0
0 sec’® 0|=|0 1 0]|-|tan?@ 0 0
0 0 1] (0 0 1 0 0 0

seck?0 =1— (tank 0Kk x)?
which is the required relation.

(3) Proof of sink(a +ﬂ)|2x = coskasinkﬂIZ X +coskﬂsinkal2 x , the compound angle formula for sine

coskasinkBk x + coskBsinka k x= %[e“'& peakx J%( Plox _g-Bkx ]+%(eﬁ‘zx s j%[e“'& —e““&)

_ 1(eakxeﬁgx _pakng kx| grakx gfikx _e—aﬁxe—/)’lzx)

+%(eﬂgxeak"x _efkxgrakx | g-pkx gakx _e—ﬂﬁxe—alzx)

— %(ealzx e/i’lzx _efalzx efﬁ'lzx j

1( (a+B) kx _e-(a+ﬁ)|2x)
4

=sink(a + B)k x
where e“** and e#** and their conjugates commute since they are basis exponentials for the same rotation axis and rotational

operator Kx.In diadically expanded matrix operators
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x

cose 0 0y 0 =-sing O cosg 0 0} 0 -sina O
coskasinkﬂl?x+coskﬂsinka|2x= 0 cosa Ofsing 0 0O|+| 0 cosg Ofsina 0 0
0 0 1L 0 0 0 0 0 10 0 0 0
0 —cosasingg 0 0 —cospsina 0
=| cosasin g 0 0 [+| cosgsina 0 0
0 0 0 0 0 0
0 =sinf@+p) O
sin(a + f) 0 0
0 0 0
=sink(a + B)k x
see, it all works like a dream. Quite pleased... looks nice too. Now changing base to the other principal rotation axes:
k-hat to j-hat principal rotation axis: changing base to the j-hat rotation axes with expi(/2) and expi(-/2)
sink(a + B) k x=coska sink k x+ cosksinke k x compound angle formula for sink
expi (7r/2)(sink(a + Bk x )axpi (-7 12) =expi (7r/2)(coskasinkﬁli><+coskﬁsinka K x)axpi (-712) changeof base
sinj(a + B) ] x=expi (7/2) coskasinkﬂﬁx)expi (—712) +expi (7z/2)(coskﬂsinkaI2><)expi (~712)
=expi (7 2)(coska Jexpi (—z / 2)expi (7 / 2)(sinkﬁ k x )sxpi (-7 12)
+expi (7 /2)(cosk Jexpi (—z / 2)expi (7 / 2)(sinka k x)?xpi (-712)
sinj(a + ) j x=cosjasinj | x+cosjBsinja jx compound angle formula for sinj
In matrix operators
exp|(7z/2)(smk(a+,8)kx)exp|( 7 l2) =expi (ﬁ/2)(coskasmkﬁk><+coskﬁsmkak>< Xpi (— 7r/2)
10 0 0 —sinfe+p) 01 0 O 1 0 0)cose O 0y 0O -—sing 0)1
0 0 -1|sin(a+p) 0 00 0O 1|=/0 0 -1} O cosa O|sing 0 ofo o0 1
01 0 0 0 0Op0 -1 0 01 0 0 0 1p 0 0 -1 OJ
1 0 0)cosp 0 0Y 0O =—sina 01 0 O
+0 0 -1 0 cosp Ofsina 0 ofo o0 1
01 0 0 0 1)p 0 0 OJ 0 -1 0
0 0 sin(a+p) 1 0 O0)cose O O0)1 0O 01 0 O 0 -sing 0Y1 0 O
0 0 0 =0 0 1] 0 cosa OO0 O 1|0 O -1|sing 0 0o 0 1
—sin(@+p5) 0 0 01 0} 0 0 1j0 -1 OJO 1 0} 0 0 op0 -1 0
1 0 0)cosp 0O 01 0 O0Y1 0 O 0 -sina 01 0 O
+H0 0 -1 0 <cosp OO0 O 1j0 O -1|sina 0 0|0 0 1
01 O 0 0 1(0 -1 0[01 0 0 0 0[0 -1 0
0 0 sin(a+p) cosae 0 O 0 0 sing cosp 0 O 0 0 sina
0 0 0 = 0 1 0 0 0 0 |+| 0 1 © 0 0 0
—sin(fe+p) 0O 0 0 0 cosa)\-sing O OJ 0 0 cosg)-sinae 0 O

sinj(a + B) ] x=cosjasinjf ] x+cosjgsinja jx
which is the right answer for the sine compound angle formula for the j-hat rotation axis base changed fromthe k-hat rotation axis.

k-hat to i-hat principal rotation axis: changing base to the i-hat principal rotation axes with expj(-/2) and expj(w/2)
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x

sink(a + ) k x=coska sinkp K x+ coskfsinka K x compound angle formula for sink
expj (—7r/2)(sink(a + Bk x )expj (12) =expj(-r/ 2)(cos ke sinkBk x+ coskBsinka k x)sxpj (z12) changeof base
sini(a + B)1 x=expj (- / 2)(coskasink,BI2 X )expj (m12)+expj(-x/ 2)(coskﬂsinka K x)axpj (x12)
=expj (-7 / 2)(coska )expj (7 1 2)expj (—r / 2)(sinkﬁ K x )expj (z12)
+expj (— 1 2)(coskB expj (7 / 2)expi (—x | 2)(sinka K x)expj (712)
sini(a + B)1 x=cosiasinif1 x+cosifsinial x compoundangle formula for sini

In matrix operators

expi (~/ 2)[sink(a + ) K x bxpi (1 2) = expj (~/2)(coskersink i K x + cosk/3sinke K x bxpi (/2)

0 0 -1 0 —sinfe+p) 0YO0O 0 1 cose 0 0y O =—sing 00 0 1
0 1 0 |sinfe+p) 0 0l 0 1 0|=| 0 cosa Ofsing 0 ojo0 10
10 0 0 0 of\-1 00 0 0 1L 0 0 oOf-1 0 0
0 0 -1)cospg 0O O} O =—sine 0} O O
+H0 1 0 0 cosf Ofsina 0 00 1
10 0 0 0 1L 0 0 of-1 0
0 0 0 0 0 -1)cose O O)YO 0O 1y0 O -1} O —sing O0}YO O 1
0 0 =sinf@+p)|=|0 1 O 0 cosae OO 1 00 1 O |sing 0 o0 1 OJ
0 sin(a+p) 0 1 0 O 0 0 1/-1 0 0Op2 0 O 0 0 of-1 00
0 0 -1)cosp O O0}YO O 1)y0 O -1 O -—sine O} O O
H0 1 O 0 cosﬁ 0j 0 1 0fj0 1 O |sinea 0 00 1
10 O 1\-1 0 01 0 O 0 0 oON-1 0
0 0 0 1 0 0 YO 0 Yo O 0
0 0 —sin(fe+p)|=|0 cose O |0 O —smﬁ +|0 cosﬂ 0 |0 0 -sina
0 sin(a+p) 0 0 0 cosa)O0 sing cosp A0 sina 0

sini(a + B)i x=cosiasiniBi x+cosifsiniai x

2024

which is the right answer for the sine compound angle formula for the i-hat rotation axis base changed fromthe k-hat rotation axis.

(4) Proof of cosk(a + ) = coskacoskf3 + (sinkale)(sinkﬁlZ x), the compound angle formula for cosine
coskarcoskf + (sinka k x)(sinkgk x) = %[e”"2X ek )%(eﬁ'& PSS )+%(eo"2X _eakx j%(eﬂ‘& _e—ﬁ'&)
:%(eak&eﬁk& L golx gk grark gl | -akx e—ﬂl?xj
4_%((301'2X pBkx _ gk g-fikx _ gmakx gBkx | gmakx e—ﬁﬁxj
=1(eak‘x ol gakx e_ﬂk”xj
2

_ l(e(owﬁ)l& L+ e-(@rpkx )
2
= cosk(a + )

In diadically expanded matrix operators
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x 2024

cose 0 O)cosp 0 O 0 -sina 0y 0 -sing O

coskacoskﬂ+(sinkale)(sink/}le)= 0 cosa Of O cosp O|+|sina 0 0fsing 0 0
0 0 10 O 0 1 0 0 of O 0 0
cosacosf3 0 0 —sinasin g 0 0
= 0 cosacosf O |+ 0 —sinasing 0
0 0 1 0 0 0
cos(a + f3) 0 0
= 0 cos@+p) O
0 0 1
=cosk(a + f)

Yep, again, it all works. Changing base to the other principal rotation axes:

k-hat to j-hat principal rotation axis: changing base to the j-hat rotation axes with expi(/2) and expi(-w/2)

cosk(a + B) = coska cosks + (sinka k x)(sinkp k x) compound angle formula for cosk
expi (7z/2)(cos k(e + ﬁ))expi (—712)=expi (7 / 2)(cos ka coskp + (sinka K x)(sinkﬁIZ x)%xpi (—712) changeof base
cosj(a + f8) = expi (i1 2)(cosker cosk 3 )expi (—z / 2) +expi (= / 2)((5 inke k x)(sinkBk x))expi (-712)
=expi(z/ 2)(cos kaexpi (- / 2)expi (7 / 2)cos kﬂ)expi (-712)
+expi (z/ 2)((sinka k x)expi (=7 / 2)expi (7 / 2)(sinkBk x))expi (-712)
=expi (7 /2)(coska expi (— I 2)expi (7 1 2)cosk3 Jexpi (— 1 2)
+expi (z/ 2)((sinka k x)expi (- / 2)expi (7 / 2)(sinkBk x))expi (~712)
=cosjacosjB + (sinja j x)(sinjB jx) compoundangle formula for cosj

In diadically expanded matrix form,

expi(z/ 2)(cosk(a + ,B))expi (—712)=expi(z/ 2)(cos ka cosks + (sinka K x)(sinkg K x))expi (-712)

1 0 0 )cos(@+p) 0 0y1 0 O 1 0 0)cosa 0 O)cospg 0 O0)Y1 0 O
0 0 -1 0 cos(@+p) 00 O 1(=/0 0 -1| O cosa O] O cosp 0|0 O 1
01 0 0 0 100 -1 0 01 0 0 0 1L O 0 1j0 -1 0
10 0 0 -sineg 0 0O -—sing 0)1 O
H0 0 -1|sina 0 0fsing 0 0 0 1
01 0 0 0 oL 0 0 oj0 -1 0
cos(@+p5) O 0 1 0 0)cose O 0}Y1 0O O)1 O O)cosp O O0)Y1 O O
0 1 0 =0 0 1} 0 cose OO O 1j0 O -1} O cosp OO0 O 1
0 0 cos(a+p) 01 0 0 0 1J0 -1 0O 1 O 0 0 1]0 -1 0
10 0 0 -sinae 0)1 0 0)y1 0 O 0 -sing 0)Y1 O
H0 0 -1|sina 0 0j0 0 1|0 0 -1fsing 0 0 0 1
01 0 0 0 0ON0 -1 00 1 O 0 0 Op0 -1 0
cos@+p5) O 0 cose 0 0 Ycosp O O 0 0 sina 0 0 sing
0 1 0 = 0 1 0 0 1 0 |+ O 0 o0 0 0 0
0 0 cos(a@+p) 0 O cosa)l 0 0O cosp —-sine 0 0 J-sing 0 O

cosj(a + ) = cosja cosj + (sinja | x)(sinjB j x)
which is the right answer for the cosine compound angle formula for the j-hat rotation axis base changed from the k-hat rotation
axis.

k-hat to i-hat principal rotation axis: changing base to the i-hat principal rotation axes with expj(—/2) and expj(/2)
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Aaron Lloyd-Jones cosk?6 — (sinkd k x)? =1

cosk(a + B) = coska coskp3 + (sinka k x)(sinkB k x)
expj (-7 / 2)(cosk (e + B) Jexpi (7 / 2) = expj (7 / 2)(coska coskp + (sinka K x)(sinkB K x ))expj (z12)

Circular Relations of j =K x

compound angle formula for cosk

changeof base

2024

cosi(a + f8) = expj (—r / 2)(coska coskB )expj (77 1 2) + expj (- / 2)((sinka k x)(sinkB k x ))axpj (12)
=expj(-z/ 2)(cos ka expj (7 1 2)expj (- / 2)cos kﬂ)expj (r12)

+expj (- / 2)((sinka K x Yexpj (7 1 2)expj (- / 2)(5ink/3|2 X ))expj (x12)

=expj(-z/ 2)(005 ka expj (7 1 2)expj (-7 / 2)cos kﬂ)expj (z12)

+expj (- / 2)((sinka K x Yexpj (7 1 2)expj (- / 2)(5ink/3|2 x ))expj (x12)

= cosia cosif + (siniai x)(sinif i x)

In diadically expanded matrix form,

expj (—7 1 2)(cosk(a + f3) Jexpi (77 1 2) = expj (—x | 2)(cos ka coskp + (sinka Kk x)(sinkBK x ))expj (712)

0 0 -1)cos(@+p) 0 0yo 0 1 0 0 -1)cosae O O)cosp O O0)YO O 1
01 o0 0 cos(@+p) 0| 0O 1 0|=[0 1 O 0 cosa Of O cosp OO0 1 O
10 0 0 0 1\-1 0 0 1 0 0 1L O 0 1j-100
0 0 -1y 0 -sinae 0y O —sing 0)O
1 0 |sina 0 Ol sing 0 o O
10 0 0 0 oL o 0 oN-1
1 0 0 0 0 —-1)cose O OYO O 1)Y0 O —-1)cospg O O0yO O 1
0 cos(x+f5) 0 =0 1 O 0 cose¢ Of O 1 OO 1 O 0 cosp 0|0 1 O
0 0 cos(x + f3) 10 0 0 0 1\-1 00/ 1 0 O 0 0 1\-1 00
0 -1 —-sing 00 O 1}Y0 0 -1}y 0 =-sing 0Y) O
H0 1 0 |sinea 1 0/0 1 O |sing 0 0 O
0 0 Of\-1 0 O\1 0 O 0 0 o)N-1
1 0 0 1 0 0 Y1 0 0
0 cos(a+p) 0 =0 cose 0 |O cosﬂ 0 [+]|0 —Sina —sm,B
0 0 cos(a + f3) 0 0 cosa)O cosf 0 sinea 0 0 sin ﬂ 0

cosi(a + ) =cosiacosiﬁ+(siniafx)(5|n|ﬂ| x)

compound angle formula for cosi

which is the right answer for the cosine compound angle formula for the i-hat rotation axis base changed from the k-hat rotation

axis.

The relations for zx plane ( ]x rotation axis) basis sines, cosines, and tangents (sinj, cosj, and tanj) are

(A) Circular Euler form for cisj = expj

(B) Circular Conjugate Euler form

(1) Basic circular relation for sinj and cosj)
(2) Basic circular relation for tanj and secj)
(3) Compound angle formula for sinj

(4) Compound angle formula for cosj

(5) Compound angle formula for tanj
(6) Double angle formula for sinj

(7) Double angle formula for cosj

(8) Double angle formula for tanj

(9) Products of sinj
(10) Products of cosj

cosjé +sinjé jx=expjé

cosjd —sinjé j x=expi—6)

cosj0 — (sinjo j x)? =1

1—(tanjé j x)? =secfo

sinfa + ) ] x=cosjarsinjs | x+cosjBsinja j x

cosj(a + ) = cosjer cosjB + (sinjer | x)(SinjB j x)

tanj(a + f) | x= (tanja Jx+tanjs j )(1— (tanja | x)(tanjs | ><))_1

sinj(2c) jx=2cosjasinja j x
cosj(2a) = cosfer + (sinjer | x)?
tanj(2a) j x= (2 tanja j x Xl— (tanja j x)? )71

2(sinjer ] x)(sinjB j x) =cosj(a — B) —cosj(a + f3)
2cosjercosjf =cosja — ) +cosja + )
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x 2024
(11) Products of sinj and cosj 2(sinja Jx)cosjp =sinja— B) jx+sinfa+ B) jx

Diadically expanded into matrix base for the j-hat principal rotation axis:

nb, sinj is coupled with jx

sin@ 0 O sind 0 O 0 01 0 0 siné
sinjo=| 0 6 O sinjdjx=| 0 6 0 0 0 0|=| O 0 O
0 0 sing 0 0 siné)\-1 0 O -sind 0 O
(A) Circular Euler form for cisj = expj
cosf+ising=e'? coskd +sink@k x=expk &
cosd 0 O 0 0 sing cosd 0 sind
0 1 0 |+ O 0 0 =] O 1 0
0 0 cosd -sind 0 O —sind 0 cosd
(B) Circular Conjugate Euler form
cosf—ising=e? c0sjd —sinjo j x=expi—6)
cosd 0 O 0 0 siné cosd 0 -siné
0O 1 0 |-] O 0 0 |={ 0 1 0
0 O cosd —-sind 0 O sin@ 0 cosé
(1) Basic circular relation for sinj and cosj
cos? @ +sin?0=1 cosj’—(sinjo jx)% =1
cos¢ 0 0 Y (0 0 singY’ (10 0
0 1 0 -1 O 0 O =0 10
0 0 cosd -sind 0 O 0 01
(2) Basic circular relation for tanj and secj
1+tan® @ =sec® 6 1—(tanjo jx)? =secfo
2 2
100 0 0 tané secd 0 O
o|-| O 0 O = 0 1 0
0 01 —tand 0 O 0 0 seco
(3) Compound angle formula for sinj
sin(a + B) =sinacos B +sina cos B sina + ) ] x=cosjasinjs | x+cosjBsinja j x
0 0 sin(a + f) cosae 0 O 0 0 sing cospg 0 O 0 0 sina
0 0 0 = 0 1 0 0 0O 0 |4/ 0 1 © 0 0 o
—sinf@+pB) O 0 0 0 cosa)l-sing 0O O 0 O cosp)l-sina 0 O
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(4) Compound angle formula for cosj

cos(a + B) =cosa cos B —sinasin B cosj(a + 8) = cosjer cosjB + (sinjer | x)(SinjB j x)
cos(@+p) O 0 cose 0 0 Ycospg O O 0 0 sina 0 0 sing

0 1 0 = 0 1 0 0 1 0 |+| O 0 o 0 0 O

0 0 cos(a+ f) 0 0 cosa 0 O cosp —-sine 0 0 \-sing 0O O

(5) Compound angle formula for tanj

tan(a + ) = (tana + tan B)1—tanatan B) tanja + ) j x= (tanja jx+tanjs j x )(1— (tanj jx)(tanjs j ><))_l
0 0 tan(a+p) 0 0 tana+tangB\l-tanatanp 0 0 N
0 0 0 = 0 0 0 0 1 0
—tan(e+p5) O 0 —tana—tang 0 0 0 0 l-tanatang

(6) Double angle formula for sinj

sin(2a) = 2sina cosa sinj2a) j x=2cosjasinja j x
0 0 sin2a cose 0 O 0 0 sina
0 0 0 |=20 0 1 O 0 0O O
—-sin2a 0 0 0 0 cosa)-sinaa 0 O

(7) Double angle formula for cosj

cosQRa) =cos a —sin’ o cosj(2a) = cosffa + (sinje jx)?
cos2a O 0 cosa O 0 2 0 0 sina 2
0 1 0 |=| O 1 0 + 0 0 O
0 0 cos2a 0 0 cosa —-sinaa 0 O

(8) Double angle formula for tanj

tan(2a) = 2(tan a)(l— tan? a)_l tanj(2a) j x= (2 tanjo j x Xl— (tanjo j x)? )_1
-1
0 0 tan2«a 0 0 tana)l-tan’a O 0
0 0 0 |=2/ 0 o0 O 0 1 0
—tan2¢ 0 O —taneg 0 O 0 0 1-tan’a

(9) Products of sinj

2sinasin B =cos(a — B) — cos(a + ) 2(sinja ] x)(sinj ] x) =cosj(a — ) —cosj(a + B)
0 0 sina 0 0 sing cos@—-p) O 0 cos@+p) O 0
210 0 0 0 0 0 |= 0 1 0 - 0 1 0

—-sine 0 0 J\-sing 0 O 0 0 cosla—p) 0 0 cos(a+p)
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Aaron Lloyd-Jones cosk?0 — (sinké k x)? =1 Circular Relations of i =k x 2024

(10) Products of cosj

2c0sa cos S =cos(a — f) +cos(a + f3) 2cosjacosjf =cosfa — f) +cosfa + )

cose 0 0 \cosp O O cos(@—p5) O 0 cos(@+ ) O 0

200 1 0 0 1 o0 |= 0 1 0 + 0 1 0
0 0 cosa 0 0 cosp 0 0 cos(a—p) 0 0 cos(a+p)

(11) Products of sinj and cosj

2sinacos B =sin(a — B) +sin(a — B) 2(sinjar ] x)cosjB =sinja - B) jx+sinja+ ) | x
0 0 sinalcosp 0 O 0 0 sin(a—2) 0 0 sin(a+p)

2l 0 0 © 0 1 0 |= 0 0 0 + 0 0 0
—-sina 0 O 0 0 cosp —sinfa—p) 0 0 —sin(e+p) 0O 0

The relations for yz plane (i x rotation axis) basis sines, cosines, and tangents (sini, cosi, and tani) are

(A) Circular Euler form for cisi = expi cosi@+sinifi x=expid

(B) Circular Conjugate Euler form c0sif —sinifi x=expj(—0)

(1) Basic circular relation for sini and cosi cosi’f — (sinioi x)? =1

(2) Basic circular relation for tani and seci 1—(tani@i x)? =secid

(3) Compound angle formula for sini sini(a+ B)i x=cosiasiniBi x+cosifsiniai x
(4) Compound angle formula for cosi cosi(a + ) = cosia cosif + (siniai x) SiniBi x)
(5) Compound angle formula for tani tani(a + B)i x= (taniafx+tani,8f x )(1— (taniaeiA><)(t<';1ni,BiA><))71
(6) Double angle formula for sini sini(2a) i x= 2cosiasinia i x

(7) Double angle formula for cosi cosi(2a) = cosi?a + (siniei x)?

(8) Double angle formula for tani tani(2a)i x= (2taniafx)(l— (tanioziAx)Z)_1

(9) Products of sini 2(siniai x)(siniBi x) = cosi(er — B) —cosi(a + )
(10) Products of cosi 2cosia cosif = cosi(a — f) +cosi(a + 3)

(11) Products of sini and cosi 2(siniai x) cosif =sini(a — B) i x+sini(a + )i x

Diadically expanded into matrix base for the i-hat principal rotation axis:

nb, siniis coupled with ix

6 0 0 8 0 0 YO 0O O 0O O 0
sini@={0 sing O sini@ix={0 sing 0 [0 0 -1|=|0 0 -—sing
0 0 sing 0 0 siné)0 1 O 0 sing 0

(A) Circular Euler form for cisi = expi

cos@+ising=e'’ cosi@+sinidi x=expid
1 0 0 0O O 0 1 0 0

0 cosé@ 0O |[+|0 O -—sin@|=|0 cos@ -sin@
0 0 cos@ 0 sin@ 0 0 sin@ cosé

18
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(B) Circular Conjugate Euler form

cos@+isin@=e'? cosif@ —sinidi x=expid
1 0 0 0 O 0 1 0 0
0 cosé@ 0 |-|0 0 -—sin@|=|0 cos@ sin@
0 0 cosé 0 sing 0 0 -sin@d cosd

(1) Basic circular relation for sini and cosi

cos? @ +sin26=1 cosi’d— (sinigi x)% =1
1 0 0) (0 o 0 ¥ (100
0 cosé@ 0 -0 0 -sin@| =0 1 O
0 0 cos@ 0 sin@ 0 0 01

(2) Basic circular relation for tani and seci
1+tan® @ =sec? @ 1—(tanidi x)? =secid

100)(0 0 0¥ (1 0o 0V
01 0(-|0 0 —tand| =|0 secd 0
0 01 0 tand 0 0 0 secd

(3) Compound angle formula for sini

sin(a + B) =sinacos B +sinacos B sini(a+ B)1 x=cosiasinifi x+cosiBsiniai x
0 0 0 1 0 0 Yo O 0 1 0 0 Yo o0 0
0 0 —sinf@+B)|=|0 cose O [0 O —sing|+|0 cosg 0 |0 O -—sina
0 sin(a+ f) 0 0 0 cosa)O0 sing 0 0 0 «cosp)\0 sina 0
(4) Compound angle formula for cosi
cos(x + ) =cosacos B —sinasin 8 cosi(a + ) = cosia cosi + (siniai x) SiniBi x)
1 0 0 1 0 0 Y1 O 0 0 0 0 0 0 0
0 cos(x+ f) 0 =|{0 cose O |0 cosp O |+|0 O —sina|0 O -sing
0 0 cos(a + ) 0 0 <cosa)\O O cosp 0 sina 0 0 sing 0
(5) Compound angle formula for tani
tan( + f) = (tana + tan B)Y1—tana tan ) tani(a + £)i x= (tania I x+tanigi x )(1— (tania | x)(tanigi x))_l
0 0 0 0 0 0 1 0 0 -
0 0 —tan(a+ B) |=| 0 0 —tanag—-tan B |0 l—tanatanpg 0
0 tan(a+ p) 0 0 tana+tang 0 0 0 l-tanatan g
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(6) Double angle formula for sini

sin(2a) = 2sina cosa sini(2a)i x= 2cosiasiniai x
0 0 0 1 0 0 YO O 0
0 0 —-sin2a |=2|0 cosa 0 0 0 -sina
0 sin2a 0 0 0 cosa |0 sina 0

(7) Double angle formula for cosi

cosQRa) =cos’ o —sin’ « cosi(2a) = cosi?ar + (sinia i x)?
1 0 0 1 0 0 (0 o 0\
0 cos2a 0 =|0 cosa 0 +|0 0 —sina
0 0 cos2a 0 0 cosa 0 sina 0

(8) Double angle formula for tani

tan(2a) = 2(tan a)(l— tan? a)_l tani(2a)i x= (2 tania | x)(l— (taniai x)? )_1
0 0 0 0 0 0 Y1 0 o !
0 0 -—tan2z|=2|0 0 -—tana|0 1-tan’«a 0
0 tan2a 0 0 tana 0 0 0 1-tan’ &

(9) Products of sini

2sinasin B =cos(x — B) — cos(a + ) 2(sinia 1 x)(siniBi x) = cosi(ar — B) —cosi(a + )

0 O 0 0 O 0 1 0 0 1 0 0
2010 0 -sinag|0 0 =sing|=|0 cos(e-p) 0 —|0 cos(a+p) 0

0 sina 0 0 sing 0 0 0 cos(a — ) 0 0 cos(a + f)

(10) Products of cosi

2cosacos S =cos(a — ) +cos(a + f3) 2cosia cosif = cosi(a — ) +cosi(a + )

1 0 0 Y1 O 0 1 0 0 1 0 0

2|0 cose 0 |0 cosp 0O |[=|0 cos(@-p) 0 +|0 cos(a+f) 0
0 O cosa)O O cosp 0 0 cos(a — p) 0 0 cos(a + f)

(11) Products of sini and cosi

2sinacos 8 =sin(a — B) +sin(a — ) 2(siniat x)cosiB =sini(a— B)1 x+sini(a + £)i x
0 O 0 1 0 0 0 0 0 0 0 0
2010 0 =-sina|0 cosp 0 [=|0 0 —sinf@-p) |+| 0 0 —sin(a + f)
0 sina 0 0 0 cosp 0 sin(a—p) 0 0 sin(e+p) 0

These also hold for the polar cylindrical and polar spherical bases for, obviously, both scleronomic [rotated] and rheonomic
[rotating] bases. The difference here regarding whether a polar base is scleronomic or rheonomic is relevant for formulae when
there is differential calculus [notably, time dots on the bases], otherwise the difference (scleronomic or rheonomic change of base)
does not change the mathematics and does not need to be explicitly recognized, for example, for purely geometric or algebraic

problems in the derived systems.
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The Law of Basis Sines: The Law of sink, sinj, and sini

In how | have derived this, notably the intersection of circles, this immediately suggests to me that this would be of value to the
GlobalPositioningSystem which relies on the intersection of spheres (circles of circles) to pinpoint a location. There are probably
exact formulae for this already, the circle of the intersection of two spheres and the two solutions of the intersection with a third
sphere determining the R® location, but the means here of obtaining the formulae (with expk and expj for instance) will make the
calculations and resulting formulae more intuitive. It may also be possible to make these equations dynamic, since the
constellation of satellites (and hence the interacting spheres) is in a constant state of orbital flux It might also eventually be
possible to describe it all in terms of differential equations for which the spheres and intersection of spheres are the solutions. This
then means mathematical transfer functions which will probably give us many more tricks up our sleeve, mathematically, for
those that maintain and advance the constellation. The orbital motions of the constellation is beautiful and similarly will be the
differential equations.

C

! o+ B+ y=180°

B C A

Here | derive the Law of sink by equating basis exponentials as an intersection of circles [note that I haven’t included the circles
in the graphic although one might find it interesting to get their compass out [a proper one with a screw gear to keep the radii
fixed] and draw the two circles noting the intersection at C... which is what I did whilst working it out on paper and I think
provides for a good geometric intuition [of circles, radii, and frequency as well as the all important idea here of the intersection of
circles of differing foci and radii]... | also used a compass to draw radii of convergence in my last complex calculus exam several
years ago... | think | was the only one to do so in the examroom of several hundred candidates ... compasses are a lost art formin
mathematics, which yeah, is why | have mentioned it, here in the context of Archimedes belief that everything is circles... | also
used a circular stencil set in my last rigid bodies exam which also worked out superbly (for torsional vibration)]. This is a
generalization of the Law of sines to those of basis operators, sink in this instance, and hence converts the scalar algebraic law
into that defined in the R® vector space. Change of base then converts the Law of sink to those of sinj, and sini.

Let B be the origin. Defining two circles, C;(€) centered at B with radius a and C,(&) centered at A with radius b. These two
circles intersect twice. The intersection at C is the relation which produces the Law of sink.

The first circles is

C,(6) =aexpk (@) = a(cosk@+sink9|2>< ) which intersects Cat angle 8 = S
C,(B) = aexpk (B) = a(coskﬂ+sinkﬂl€><)

The second circle is

C,(6) =acoskp +bcoska +bexpk (0) = acosk,B+bcoska+b(cosk9+sink0|2x) which intersects Catangle 6 =7 -«

C, (7 —a) = acoskf +bcoska +bexpk (7 — ) = acoskﬁ+bcoska+b(—coska+sinkal2><): acoskﬂ+bsinka|2><

Equating the two circles at point C, C,(f)=C,(r—a)

Ci(B) =Cy(r - a)
acoskp + asinkBk x= acoskp + bsinka K x
asinkﬂl?x: bsinka k x

sinkgk x B sinka K x
b a

Similarly drawing a circle with radius b centered at C and equating it for the intersection at A of that with radius c centered at B
(this is trickier than the intersection at C but works out similarly)
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sinkykx _ sinkgk x
c b

and since (1/b)sinkBkx= (1/a)sinkakx and (1/c)sinky k x= (1/b)sinkBK x by transitivity

sinkar k x B sinky k x
a c

so that

sinkak x _sinkﬂl(x _sinkyle
a b c

which is the Law of sink for the xy plane. In terms of diadically expanded matrix operators

1 0 -sina O 1 0 -sing O 1 0 -—siny O
=|sina 0 0|==|sing 0 0|==|siny 0 0
%o 0o o o o o ‘Lo o o

Making a change of base with expi(72) and expi(—22) for the Law of sinj for the zx plane

sinka K x 3 sinkg k x 3 sinky Kk x
a b c

expi (;z/2)—s'”k;‘kX expi (~7/2) = expi (;z/2)—s'”kfkX expi (~7/2) = expi (;rlz)—s'”kzkx

sinja jx _sinjB jx _ sinjy jx

a b c
10 0
that is, with k-hat to j-hat principal rotation axis change of base matrixexpi (z/2)={0 0 -1
01 0
0 -sina O 0 -sing O 0 -—siny O
1 sina 0 0 :1 sin g 0 0 :E siny 0 0
Ao 0o oo o o lo o o
10 O 0 —sina 01 0 O 10 O 0 -sing 0Y1 0 O
00 —1lsina 0 0[0 0O -1|=|0 0 -1|=|sing 0 0|0 0 -1(=
01 0 0 0 oOp0 1 0 01 0 0 0 op0 1 0
0 0 sina 0 0 sing 0 0 siny
1 0 0 o0 _1 0 0 O 1 0 0 O
8 _sine 0 0 ) Plosing 0 O —siny 0 0

2024

sink law

expi (—z /2) changeof base

sinjlaw

(that with gamma in the second line of working omitted because of page width). Making a change of base with expj(—#2) and

expj(—22) for the Law of sini for the yz plane
sinka k x _sinkﬂlfx _sinky/IZx
a b ¢
sinkB K x
b

sinka k x expj(;z/2)=expj(—7z/2)smki/kx

expj (—z/2) expj(z/2)=expj(-x/2)

sinigix  sinifix  siniylx
a b C

sink law

expj (z/2) changeof base

sini law
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that is, with k-hat to i-hat principal rotation axis change of base matrix expj(-z/2) =

cosk?d — (sinkd k x)? =1

0 -sina O 0 -sing O
1 sina 0 0 :1 sin g 0 0
0 b 0 0
0 0 -1 —sina 0 1 0 0 -1 -
01 Olsma 1 0(=|0 1 Oismﬂ
10 0 O\-1 0 0 10 0
0 o0 0 0 O
1 . 1
—|0 0 -sina|=—|0 O —smﬂ =
2o sne o | °lo sing 0

:1 smy 0

o |

— O O
o O
o O

0 -—siny

o O O
N—

0
1
0

o O
Il

sing 0
0
oN-1

0 O 0
0 0 -—siny
0 sin

siny 0

Circular Relations of j =K x
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(that with gamma in the second line of working similarly omitted because of page width). Note that the changes of base here are

essentially group operations.

Summary for Law of basis sines for each principal rotation axis

) . . . . - 0 -sina O 0 -sing O
k-hat sinkakx _ sinkBkx _ sinkykx Lsing 0 0l=1lsing 0 0
2 b ¢ 0o 0 0 0o 0 0
A . . 0 0 sina 0 0 sing
j-hat sinja Jx _ sinjfg | x _Ssinjy Jx 1 0 0 o :l 0 0 0
a b ¢ _sine 0 0 ) Pl_sing 0 o
s s I, 0 0 0 0 o0 0
i-hat Sinl 1 x :smlﬂm _ Siniyix 1 0 0 —sing :1 0 0 -—sing
a b ¢ a 0 sina 0 b 0 sing 0
The Law of Basis Tangents: The Law of tank, tanj, and tani
tank (o + B)kx _ tank (o — )k x
a+b B a-b
0 —tan(@+p5) O 0 —tan(a - f)
L tan(a + B) 0 0|=—— tan(e - f) 0
b 0 0 o) ° 0 0

0 -siny O
_1 siny 0 0
‘o o0 o
0 0 siny
0 0 o0
—-siny 0 O
0 o0 0
1 .
==|0 0 =—siny

c .
0 siny 0

0
0
0

and with change of base from the k-hat principal rotation axis to that of the j-hat principal rotation axis

tanj(cr + f) j x _ tanj(a - ) j x
a+b a-b
1 0 0 tan(a+p) 0 0 tan(a-—
P 0 0 0 =— 0 0 0
—tan(e¢+p5) O 0 —tan@-p) 0O 0

)

and with change of base from the k-hat principal rotation axis to that of the i-hat principal rotation axis

tani (a + B)i x

:tani(a

—ﬂ)fx

a+

b a-b
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G 0 G 0
=5b 0 0 —tan(@+ pB) |=——| 0 0 —tan(a - B)
2000 tan(@+p) 0 7P 0 tan@-p) 0

The Law of Basis Cosines: The Law of cosk, cosj, and cosi

The same method for the Law of sink has not worked for the Law of cosk because of issues with the rotational eigenvalue that
result in a mathematical contradiction. So | have had to update the method by making the circle radii vectors. By doing so, the
method works and gives a consistent outcome [and so updates, to an R® vector space, the Law of Cosines which was, as discussed
in Clayton Dodge’s book, first introduced to mathematics by Book Il of Euclid’s Elements].

o+ G+ y=180°

B c A

Let h be the altitude at the orthogonal from vertex C and letting b, and b, be the lengths resulting from bisecting ¢ with the
orthogonal from C so that c=b, +b,.

Noting that for this expression ¢ =acoskf+bcoska doesn’t work out.

(1) c=+/b2 —(hkx)? coskB++/b2 — (hkx)? coske instead results in a valid outcome

From the sink law bsinka K x= asink,BIZx which doesn’t work either

JbZ —(hkx)? sinkB kx = /b2 — (hkx)? sinka k x gives the correct result.
(2) 0=1/b2 —(hkx)? sinkf k x—/bZ — (hkx)? sinka K x

Squaring (1) and (2) and subtracting

2 2
c? :(,/bf — (hkx)? coskp ++/bZ — (hkx)? coska) +(,/bf — (hkx)? sinkB K x—bZ — (hKkx)? sinkakxj

= ((bf —(hkx)? )cosk2ﬂ+ (b22 —(hkx)? ):oskza + 2\/b12 —(hkx)? \/bg —(h kx)zcoskﬁcoskaj

—((bf —(h |<‘x)2)(sink/3k‘x)2 +(b22 —(h|2x)2)(sinkoc|2x)2 —2\/b12 —(hkx)? \/bg —(hkx)? sinkaléxsinkﬁlzxj
= (b2 - (nKx)? Joosk 23— sink? g K x)+ (b2 — (hkx)? [oosk 2 - sink?a K |
+2\/b12 —(hkx)? \/bf —(hkx)? (coskﬂcoska+sinka |2xsinkﬁ|2x)

= (bf —(hkx)? )+ (b22 —(hkx)? )+ 2\/b12 —(hkx)? \/bé’- —(hkx)%cosk(a + fB)

which is the Law of cosk where ¢+ f=7—y and ,/blz —(h I(Ax)2 and w/bz2 —(h sz)z are the magnitudes of the lengths BC and

AC considered as vectors on the Argand i= k x plane (real R® xy plane once directions are taken). There are three forms of
operator in this operator equation

. (bl2 —(h IZx)z) and (bz2 —(h IZx)z) are double-crosses (repeated cross products i? = —1)
o cosk(a+ p) is known

. \/bl2 —(h |2><)2 and \/bzz —(h kA><)2 are yet to be discussed ... it all turns out good and works as it should
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100 0 -1 0\ 100 -1 0 0) (b?+h? 0 0] (a> 0 0
b2 —(hkx)?2=b2[0 1 0|-h%1 0 0| =b?[0 1 0|-h?/ 0 -1 0|=| 0 bZ+h? 0|=|0 a%? 0
001 0 0 0 001 0 0 0 0 0 b 0 0 b}
100 0 -10Y (100 -1 0 0) (b2+h> 0 0) (p®> 0 O
bz —(hkx)2=bZ[0 1 0|-h? 1 0 0| =b?[0 1 0|-h} 0 -1 0|= O bZ+h? 0|=|0 b® O
001 0 0 0 001 0 0 0 0 0 b2 |0 0 b
cos(x + f3) 0 0
cosk(a + ) = 0 cos@+p5) 0O
0 0 1

For the first norm, /b2 —(h kx)? , expanding
bf — (nk>)? =byy1-(h/by)? (kx)?

=b1(1—%(h/b1)2(kx)2—%(h/bl)“aix)“—%(h/bl)ﬁ<|2x)6—1—§8(h/b1)8<|2x)8—...)

Taking components

i -hat component b2 —(hKx)?§ = ( L(h/by)? (kx)? =1 (h/by)* (kx)* =& (h/by)® (kx)® 35 (n/by)® (kx)® — )
= b1(+ (h/by)? =1 (h/b)* +L (h/by)® - 3-(h/by)® +.. )
+h2
j - hat component b1 —(hkx)? j=b (_%( h/by)? (kx)? =1 (h/by)* (kx)* = (h/by)® (kx)® =35 (h/by)® (kx)® - )
= by 2 (h7by)2 — L (h /b))t + L (h/by)® — S (h/by)P +..)
= jyb? +h?
k - hat component ,/bf—(mzx)zk=b1(1—%(h/b1)2(|2x)2—%(h/bl)“(ﬁx)“—%(h/bl)ﬁ(ﬁx)‘i 25 (n/by)® (kx)® - )
=Kkb,(1+0-0+0-0+..)
=Kb,

diadic expansion (vector components become columns)

yof+h? 00| (a2 o o] (a
JbZ—(hkx)?2 = 0 JoZ+h? 0l=| 0 +a? 0|=/0 a ©
0

0 0 by 0 0 b

o
o

o
o
=

where b? +h? = a?. Similar maths for the second normresults in

JbZ +h? 0 o] (Vb2 o

0| (b 0 0
JbZ —(hkx)2 = 0 JbZ+h?2 ol=l 0 Vb2 ol|=/0 b O
0 0 b, 0 0 b,| (00 b

where b? + h* =b?. So

c?= (bf —(h |2x)2)+ (b22 —(h Ex)2)+ 2,62 — (hkx)? /b2 — (hKx)?cosk(a + 5)
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a2 0 o0 b> 0 0 a 0 0Yb 0 0)cosi+p) 0 0
=l0 a*> 0|+|/0 b> 0[+20 a 0|0 b O 0 cos@+p) 0
0 0 b 0 0 b? 0 0 bJO 0 b, 0 0 1
a’ +b? + 2abcos(a + f) 0 0
= 0 a% +b? + 2abcos(a + ) 0
0 0 b2 +b2 + 2bb,
a’ +b? +2abcos(a + A) 0 0
= 0 a’+b%+2abcos(@+8) 0O
0 0 c?

where b? +b3 +2bb, = (b, +b,)? =c?. Therefore,

c2 0 0) (a?+b?+2abcos@+p) 0
0 ¢ 0|= 0 a? +b? + 2abcos(x + f3)
0 0 ¢? 0 0

which is the Law of cosk. The argument of the scalar cosine can now be changed to ywith a+ f=7—y

c2 0 0) (a®+b%—2abcosy 0 0
0 ¢ 0|= 0 a®+b% —2abcosy 0
0 0 c? 0 0 c?

Changing base to the Laws of cosj and cosi:

For the Law of cosj, changing base from cosk with expi (z/2)

0 0 a?+b? —2abcosy 0 0
EXpI(ﬂ'/Z) 0 c2 0 lexpi (-7 /2) =expi (7 /2) 0 a?+b®—2abcosy 0 |expi(-7/2)
0 c? 0 0 c?
10 0 0)1 0 0) (1 0 0Ya?+b%—-2abcosy 0
0 02 00 0 1(=/0 0 -1 0 a?+b?—-2abcosy 0 [0 O
0 ¢c’flo -1 0) (01 0 0 0 c?
c? 0) (a®+b%—2abcosy O 0
0 c2 0 |= 0 c? 0
0 0 c? 0 0 a?+b?-2abcosy

For the Law of cosi, changing base from cosk with expj (-7 /2)

¢ 0 0 a® +b% —2abcosy
expj(-7/2)| 0 c? 0 |expj(z/2)=expj(-7/2) 0
0 0 c? 0
0 0 -1fc2 0 O0)O0 0 1 00 -1 az+b2—zabCOS;/
01 0|0 ¢ 0|0 1 0|=/01 0 0
10 00 0 c2|-100/ (10 0 0
c2 0 0) (c? 0 0
0 ¢ 0|=|0 a®+b*-2abcosy 0
0 0 c*) (0 0 a® +b? —2abcosy

0
0

C2

a’+b?- 2abcos;f
0

01 0 O

a?+b?- 2abcos;/ 0 }expj(;r/Z)
0
0
2

o = O
o O -
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Reflection and Transmission Coefficients: Unpolarized

T is the reflection coefficient and 7 is the transmission coefficient

r M —m

2
_ r= 12
My +m

= where the 7 are the intrinsic impedances of the two media
My + 1

The reflection and transmission coefficients, worked out firstly by Fresnel, can be derived by assuming complex exponential
electromagnetic fields. Now that it is known that complex exponentials are basis exponentials, expk, expj, and expi, | can say
confidently that these will accurately describe electromagnetic fields in a more intuitive and complete way because these provide a
means to work competently and confidently in R3. So before doing so, here I just state the formulae for the reflection and
transmission coefficients which are defined in terms of cosines for polarized fields, and make the leap of faith by updating the
scalar cosines [from Edminister and UNSW electromagnetics course notes] with cosk (and scalar secants with seck) given that
every trigonometric identity has worked out by doing so with sink, cosk, and tank (and change of base to the other principal
rotation axes). This is a sensible thing to do under the assumptions that the fields are functions of expk, expj, and expi.

Because cosk is full rank, all of the polarization formulae for the reflection and transmission coefficients work out fine. These
would hold similarly well in the polar cylindrical and polar spherical coordinate systems. Note also the interesting linkage of

reflection (and hence reflection coefficients) with (kx)? =—-1, (jx)?=-1,and (i x)? =-1.
6, is the angle of transmission and ¢; is the angle of incidence.

Reflection and Transmission Coefficients: Perpendicular Polarization for the principal axes

k. - n,5eckd, — m;secké, . = 2n,5ecké,
n,5ecké, + msecké, * n,5ecké, + m;secké,
1, Seco; —n, seco, 0 0 2, secé, 0 0
1, sec; +n, seco, 11, Sec; +n, seco,
B 0 17, S€Cl, —ny seco; B 0 2n, secé, 0
17, Seco; +n, secé, 11, S€c;, +n, seco,
0 0 M —Th 0 0 2772
M +m M+
Just to show that it works in R® and is non-singular for example, the maths of Ik, is
seckd, —m;secké, _
Tk, =12 1~ h L — (7,5eckd, — m,seckd, Xn,seckd, +mseckd,; )™
1n,5eckd; + m,secko;
sec, 0 0 secd, 0 O sec, 0 0 secd 0 0\
=|n, 0 secd O|-m| O secd Of|n| O secd O|+m 0 secd O
0 0o 1 0 0 1 0 0o 1 0 0 1
n, sec, —n, sech; 0 0 1, Sec, + n, sec, 0 o\
= 0 1, Seco, —n, seco, 0 0 17, Sece; + i, secé; 0
0 0 T~ 0 0 M+
1 0 0
17, Secl, — 17, Seco; 0 0 ) »,sec, +mseco,
= 0 1, Secé, —n, seco, 0 0 1, Secé, + n, secé, 0
0 0 M2~ 0 0 L
M+
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11, seco, —n, seco,
115 Seco, +n, seco

= 0

0

1, Sec, —n, seco

17, S€CH, + 1, sech,
0 0

cosk?d — (sinkd k x)? =1

2 —Th

m+m

Circular Relations of j =K x

2024

and where the maths of tk | is similar. Change of base for the transverse L j-hat coefficients for the jx principal rotation axis

Tj, =expi (7/2)TK expi (—7/2)

Tj, =expi(z/2)tk ;expi (-7 /2)

Change of base for the transverse L i-hat coefficients for the i x principal rotation axis

I, =expj(—7/2)TK expj(z/2)

i | =expj(—z/2)tk expj(z/2)

Reflection and Transmission Coefficients: Parallel Polarization for the principal axes

. _ 112€08 ké, — m,cosko;
I 1,C05Ké; + 1m,c0osk0;

1, C0S6; — 1, COSH,
17, COS G, + 17, COS G,

0

17, C0S6, — 17, COSH;

= 0
17, COS 6, + 17, COS O,

0 0

0

M~

My +m

k. — 2n,coské;
I n,c0ské; + mcoské,
21, COS 6, 0
17, COS6; + 17, COSH;
_ 0 21, COS 6,
77, COS 6, + 17, COS G,
0 0

217,
M +m

where the maths of rkH is the same as Tk, with seck replaced with cosk (and so similarly with the scalars, here sec replaced

with cos)

1n7,c0sk6, —n,coské,

17,c0sK6, +n,coské,
cosé, 0 O cos 6, 0 o
=|n, 0 cosg O|-m| O cosé Offn,
0 0 1 0 0 1
17, COS6; — 17, COS6; 0 0
= 0 17, COS6; — 17, COS6; 0
0 0 Ur il
17, C0S6; — 17, COSH, 0 0
= 0 17, C0S6; — 1, COSH, 0
0 0 M=
11, COS6; — 173, COSH; 0 0
175 COS6; + 17, COSH;
_ 0 17, C0S 6, — 13, COSH;
175 COS6; + 17, COSH;
0 0 M —Th
M+

= (17,c05K6, — 7,008k, \i7,c08K 6, +mycoské, )™

-1

coso, 0 0 cosé; 0 0
0 cos¢ O|+ml O cosg O
0 0 1 0 0 1
17, COS6; + 17, COSH, 0 0
0 17, COS6; + 17, COS6, 0
0 0 M +m
1 0 0
1, C0S6; + 1, COSH,
0 17, COS6; + 17, COSH, 0
1
0 0

M+

Change of base for the parallel || j-hat coefficients for the ]x principal rotation axis

Tj, =expi(z / 2) Tk expi(-7=/2)

), =expi(z / 2) K expi(-rz/2)

-1
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Change of base for the parallel | | i-hat coefficients for the i x principal rotation axis
I =expi(—7=/2) Ik, expiz/2) i) =expi(—r/ 2) tk;expi(r / 2)

What might actually be better is to state the coefficients within polar sphericals and define them for the radius direction for
arbitrarily azimuth and colatitude. Time will tell. This is one of my upcoming projects, when | start doing calculus with these

functions of i =k x for radar and the like... note here for interest the very special reflection (f x)? =—1 for a radar echo return

(with a change of base for other directions of scatter). | am hoping to lay the groundwork for this here by making sure all of the
elementary functions work mathematically as expected (and adjust these functions to the physics at a later stage when | start doing
the calculus... I have been saying this regarding calculus for quite some time although have been unable to do so because it is
harder [than the elementary mathematics] and | have been getting hardcore harassed by gang rape scum which has made hard
resolving impossible as of these past few years... I was also hoping for a bursary or something [and peace and quiet] before giving
away all of my tricks to the creative commons [given that it takes much effort]).

As a similar leap of faith in Snell’s law by updating the sines with sink results in n; sinké, K x= n, sinké, k x . | think it is

reasonable to assume that there will be a correspondence to the actual physics because of the electromagnetic link with expk,
expj, and expi (which is an updated version of Archimedes conjecture that everything is circles). It looks just like the Law of sink
with the angle of incidence 6, and angle of refraction 6, taking two of the triangle angles and the inverted indices of refraction

(dielectric light velocity per unit of free-space light velocity v; /c andv, /c) being the triangle lengths (circle radii). So with

1 1
nj=—-—and n, =

v;/c v, /c

(where light velocities, indices of refraction, and intrinsic impedances are all related by relative permittivities and permeabilities
as per Maxwell theory)

it becomes

sinké, k _sinké, K x
v;/c v /c

and in diadically expanded matrix operator form

1 0 -sing O 1 0 -sing, O
“Te sin 6, 0 0= ; sin 6, 0 0
Wl 0 o) "l oo 0 0

Similar relations hold for the other principal rotation axes with change of base, as well as in the derived polar bases. | bet that it
will be possible to prove all of physics with (the calculus of) expk, expj, and expi (in an electromagnetic basis of heat).

Also importantly, given that the Fresnel equations are obtained as ratios of complex exponentials assuming that electromagnetic
fields are complex exponentials (and hence the ratios, reflected and transmitted over incident), converting this theory over to basis
(quaternion) exponentials involves divisions... one exponential divided by another. Very importantly and pleasing is that basis
(quaternion) exponentials (expk, expj, and expi) are full rank so there are no issues here with these divisions.

Not surprisingly, it all works for principal axis theorems for moments of inertia which | had been intending to write about. Mohr’s
circle for stresses and strains from the mechanics of solids as well, which is engineering physics (for bridges, buildings, and
skyscrapers).

By defining i= K x [that is, as a vector rotation operator] all of the elementary functions have generalized into vector functions in
R® and this means all of traditional classical excellence (traditional Oxford and Cambridge calculus) extends also to vector
functions in R® which | am, understandably, very pleased about.
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